Abstract: In this paper we investigate the Hyers-Ulam stability of additive functional equations of two forms: of "Jensen" and "Jensen type" in the framework of multi-normed spaces. We therefore provide a link between multi-normed spaces and functional equations. More precisely, we establish the Hyers-Ulam stability of functional equations of these types for mappings from Abelian groups into multi-normed spaces. We also prove the stability on a restricted domain and discuss an asymptotic behavior of functional equations of these types in the framework of multi-normed spaces.
Introduction and preliminaries
The stability problem of functional equations was raised by Ulam [22] in 1940. He posed the following problem: under what conditions does there exist an additive mapping near an approximately additive mapping? In the next year, this problem was solved by Hyers [11] in the case of Banach space. Later, Hyers' result was generalized by Aoki [4] for additive mappings and by Rassias [20] for linear mappings by considering an unbounded Cauchy difference. Gǎvruta [10] provided a further generalization of Rassias' result. During the last decades several stability problems for various functional equations have been investigated by many authors for mappings with more general domains and ranges [2, 5, 6, 9, 12, 13, 14, 15, 18, 19, 23] . These
The notion of multi-normed space was introduced by Dales and Polyakov [8] (or see [7, 16, 17] ). This concept is somewhat similar to operator sequence space and has some connections with operator spaces and Banach lattices. Motivations for the study of multi-normed spaces and many examples were given in [7, 8] . In 2007, stability of mappings on multi-normed spaces was given in [7] , and asymptotic aspect of the quadratic functional equation in multi-normed spaces was investigated in [17] . More precisely, Moslehian, Nikodem and Popa [17] established the HyersUlam stability of the quadratic functional equation for mappings from Abelian groups into multi-normed spaces. They also proved the stability on a restricted domain and applied these results to a study of an asymptotic behavior of the quadratic functional equation in the framework of multi-normed spaces.
In this paper, using some ideas from [7, 17, 21] , we achieve the Hyers-Ulam stability of equations (1.1) and (1.2) for mappings from Abelian groups into multinormed spaces. Furthermore, we also study the stability on balls under certain assumptions and discuss an asymptotic behavior of functional equations of these types in the framework of multi-normed spaces. Our results generalize those results of [21] to multi-normes spaces. We therefore provide a link between two various discipline: multi-normed spaces and functional equations. These circumstances can be applied to other significant functional equations. Throughout the paper F denotes a Banach space.
Following [7, 8, 17] , we recall some basic facts concerning multi-normed spaces and some preliminary results.
Let (E, · ) be a complex normed space, and let k ∈ N. We denote by E
The linear operations E k are defined coordinatewise. The zero element of either E or E k is denoted by 0. We denote by N k the set {1, 2, · · · , k} and by S k the group of permutations on k symbols. Definition 1.1 (cf. [7, 8, 17] 
, and the following axioms are satisfied for each k ∈ N with k ≥ 2 :
In this case, we say that
is a multi-normed space, and take k ∈ N. We need the following two properties of multi-norms. They can be found in [8] .
Lemma 1.1 (cf. [7, 8, 17] ). Suppose that k ∈ N and (
Let x ∈ E, we say that the sequence (x n ) is multi-convergent to x in E and write lim 
Then there exists a unique additive mapping A : E → F of the first form such that
for all
2 n } is a Cauchy sequence for each fixed x ∈ E. Since F is the complete multi-norm, the sequence {
2 n . Hence for each ε > 0 there exists n 0 such that
(2.6)
Setting n = 0 in (2.5), we have
Letting m tend to infinity and using Lemma 1.1 and (2.6) we obtain
n y in (2.1) and divide both sides by 2 n , we obtain
taking the limit as n → ∞ we get A(x+y)+A(x−y) = 2A(x). Hence A is additive mapping of the first form.
To prove the uniqueness of A, assume that there is another additive mapping A : E → F of the first form which satisfies (2.1), then
Hence A = A. This proves the uniqueness of A. This completes the proof of the Theorem.
2
Then there exists a unique additive mapping A : E → F of the first form such that 
Then there exists a unique additive mapping A : E → F of the second form such that
Proof. The proof is similar to the proof of Theorem 2. 
Proof. Setting
, we have
According to Theorem 2.2, there exists a unique additive mapping A : E → F of the second form such that (2.8) is satisfied. We obtain
This completes the proof of the Corollary. 2
Stability on a restricted(bounded) domain
Throughout this section, we denote by B r (E k ) the closed ball in E k of radius r around the origin. we study the stability results of equation (1.1) and (1.2) on balls under certain assumptions.
for all x, y ∈ B r (E k ) and k ∈ N. Suppose that f : E → F is a mapping satisfying f (0) = 0 and
Then there exists a unique additive mapping A : E → F of the first form such that
where
. Replacing x, y in (3.1) by
, we obtain 
Using the same reasoning as in the proof of Theorem 2.1 we conclude that the sequence {2
x)} is Cauchy and so is convergent in the complete multi-norm F. In addition, the mapping
Let x be an arbitrary fixed element of B r (E). Because of x ∈ B r (E), is well-defined. It is easy to show that
There is a large enough n such that 2
−n y in (3.1) and multiplying both sides with 2 n , we obtain
whence, by taking the limit as n → ∞, we get A(x + y) + A(x − y) = 2A(x). Hence
A is additive mapping of the first form. Uniqueness of A can be proved by using the strategy used in the proof of Theorem 2.1. 2
be a multi-normed space and ((F n , · n ) : n ∈ N) be a multi-Banach space. Suppose that f : E → F is a mapping satisfying f (0) = 0 and
. Then there exists a unique additive mapping A : E → F of the first form such that
. Then there exists a unique additive mapping A : E → F of the second form such that
Proof. The proof is similar to the proof of Theorem 3.1. 2
Asymptotic behavior of Jensen and Jensen type functional equations
The Hyers-Ulam stability of equations (1.1) and (1.2) on restricted(unbounded) domain is investigated, and the results are applied to the study of an interesting asymptotic behavior of those equations in the framework of multi-normed spaces. 
From (4.1) and (4.3), we get
We get
This inequality holds for all k ∈ N and all x 1 , · · · , x k , y 1 , · · · , y k ∈ E. Now the result is deduced from Theorem 2.1. 2
Clearly, we see that 9) and z − y k ≥ z k + y k = (
From (4.6), (4.7) and (4.9), we get
Thus , we get
This inequality holds for all k ∈ N and all x 1 , · · · , x k , y 1 , · · · , y k ∈ E. Now the result is deduced from Theorem 2.2. 
